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ON FINITE TYPE AND FLAT EPIMORPHISMS OF 

RINGS 


ABOLFAZL TARIZADEH 

Abstract. This article is two folded but its topics are closely 
related to each other. In the first part, finite type epimorphisms 
of rings are completely characterized. In the second part, by using 
Gabriel localization theory, new progresses in the understanding 
the structure of flat epimorphisms of rings has been made. As 
a by-product of this study, a remarkable result in commutative 
algebra come to light. 


1. Introduction 

The main topics of the present article are “hnite type epimorphisms” 
and “flat epimorphisms” of rings. As a hrst main result, in Theorem 
13.41 hnite type epimorphisms of rings are completely characterized. 
This algebraic result illuminates some geometric aspects of the hnite 
type monomorphisms of schemes. In the second part of the article (§4), 
by applying the whole strength of ra, new progresses in the under¬ 
standing the structure of hat epimorphisms has been made. This study 
reveals some new aspects of the epimorphisms to us which were not dis¬ 
covered in the Seminaire Samuel. We refer to [9], specially a. 0 and 
[7] for a comprehensive discussion of the epimorphisms of commutative 
rings. 

Daniel hazard in [H Proposition 3.4 ], associates to each ring R a 
maximal ring M{R) and a canonical ring map R —?■ M{R). Maximal 
in the sense that every injective hat epimorphism with source R can 
be canonically embedded in M{R). But there is a serious set theoreti¬ 
cal gap in his construction. Indeed, in his method of the constructing 
M{R), we need to know that the underlying set of the ring should be 
actually a “set”. But there is no proof and even no reference for this 
non-trivial fact at there. Hence we decided to inform hazard about 
the existence of such a major problem in the body of the ring M{R) 
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in order to resolve it in a way. But at that time, hazard did not have 
any idea that how to resolve this gap. After some effort we eventually 
succeeded to overcome the problem by applying another tool. In fact, 
more recently in [TOl Corollary 3.3] it was shown that every flat epi- 
morphism of rings could be realized by a Gabriel localization. Then, 
in Theorem 14.11 the foregoing set theoretical gap completely hlled by 
using this realization. After removing this gap, then an explicit descrip¬ 
tion of the ring M{R) was presented in Theorem 14.31 We call M{R) 
the hazard ring of R. Gabriel localization theory not only resolved 
this problem but also by using this theory then we made some new 
progresses in the understanding the structure of the ring M{R), see 
Theorems 14.4114.61 and Corollary 14.141 The important outcome is that 
the ring M{R) can be canonically embedded in the total ring of frac¬ 
tions of the polynomial ring R[x]. This result strongly bounds the size 
of the ring M{R) while it was previously believed that the ring M{R) 
should be signihcantly large because every i?—algebra whose structure 
morphism is an injective flat epimorphism is living, as a subring, inside 
the ring M{R). As a by-product of this study, a remarkable result in 
commutative algebra also come to light, see Theorem 14.111 We should 
mention that a very special case of Theorem 14. 1 II was announced in [SI 
Corollary 3.4.7]. The method of proving Theorem 14.111 is very similar 
to [21 Theorem 1.1]. But the proof which presented at [2] heavily based 
on other major results in the literature while our proof is just using the 
results of the present article. 

After hnishing, we sent a primary version of the present article to¬ 
gether with [in by an e-mail to hazard and in that letter we also 
explained to him that now the foregoing gap has been completely re¬ 
solved. Then after about two months we received a message from him. 
His letter in addition to that was including many valuable comments 
about the manuscripts, in partial of the letter, he had also evaluated 
these articles as follows: “in summary you have done great progresses in 
the understanding the structure of flat epimorphisms of rings”. Hear¬ 
ing such words from hazard who is a specialist in commutative algebra 
was so pleasant to us. 

In the second section of this article, we study the general proper¬ 
ties of epimorphisms. All of the results of this section more or less 
are well-known. The titles of the hnal sections should be sufficiently 
explanatory. Indeed, the main results of these sections was described 
in the above paragraphs. Throughout the article, all of the rings which 
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are discussed are commutative. 


2. Preliminaries-epics characterization 

In this article, by an epimorphism (p : R ^ S we mean it is an epi- 
morphism in the category of commutative rings. Although the class of 
injective ring maps is precisely coincide to the class of monomorphisms 
of rings. But the surjective ring maps are just special cases of the epi- 
morphisms. As a specific example, the canonical ring map Z ^ Q is 
an epimorphism while it is not surjective. Many nice properties are 
equivalent to the concept of “epimorphism”: 


Theorem 2.1. Let p : R ^ S be a ring map. Then the following 
conditions are equivalent. 

(i) p is an epimorphism. 

(ii) In the ring S < 8 ^? S', s( 8 )l = l( 8 )s for all s E S. 

(iii) The canonical ring map p : S <S)r S ^ S which maps each pure 
tensor s ^ s' into ss' is bijective. 

(iv) The ring map i : S ^ S 0^ S defined by s ^ s ^ 1 is bijective. 

(v) We have S <^r Coker(<yc) = 0. 

(vi) The tensor algebra Tr{S) = 0 T^(S') is a commutative ring. 

p>0 

(vii) For each R—algebra T there is at most one homomorphism of 
R—modules f : S ^ T such that /(I 5 ) = Ir- 

(viii) The restriction of scalars functor p^ : S-moh R-moD is full 
and faithful. 

(ix) For each S—module M the canonical map S ®r M ^ M given by 
s sm is bijective. 


Proof, (i) ^ (ii) : We have i o p = j o p where i,j : S ^ S <^r S 
are the canonical ring maps which map each s E S into s ( 8 ) 1 and 1 ( 8 ) s, 
respectively. 

(ii) (iii) : We have Ker(p) = (s( 8 )l — l< 8 )s: s E S). Because if 
Sis'^ = 0 then we may write ^ s* < 8 ) s' = ^ 1 ( 8 ) s'(sj ( 8 ) 1 — 1 ( 8 ) s*). 

i i i 

(ii) ^ (iv) : The map i is always injective. Each pure tensor s®s' can 
be written as s( 8 )s' = (s ( 8 ) 1 ) ( 1 ( 8 ) s') = (s( 8 ) l)(s'{ 8 ) 1 ) = ss'( 8 )l = i(ss'). 
(iv) ^ (iii) : We have p o i = Id. Therefore p is bijective. 

(iii) (i) : Let f,g:S^The ring maps such that f o p = g o p. By 
the universal property of the pushouts, there is a (unique) ring map 
^|J : S ®R S ^ T such that f = o i and g = o j. But i = j since 
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Ker(p) = 0. Thus f = g. 

(iv) (v) : Apply the right exact functor S — to the exact se¬ 
quence R —^ S > Coker ip -^ 0 we then obtain the following 

exact sequence S < 8 )^ R S S S ^r Coker ip -^ 0 . But 

Im(l 5 ( 8 )V 2 ) = Ini(i). Therefore i is onto if and only if S'< 8 )ij Coker (p = 0. 
(ii) (vi) : First assume that s <8) 1 = 1 (8) s for all s E S. For any two 
pure tensors si( 8 )...< 8 )Sp and s'^( 8 )...< 8 )Sg in Tr{S) then its multiplication 
is defined as (si 0 ... ( 8 ) Sp).(s^ < 8 )... < 8 ) 5 ^) = Si 0 ... 0 Sp 0 ... 05 ^. For 
each p > 1 and for each pure tensor Si 0 ... 0 Sp, we easily observe that 
s.(si 0 ... 0 Sp) = (si 0 ... 0 Sp).s. Thus (si 0 ... 0 Sp).(s'^ 0 ... 0 s'^) = 
(s'^ 0 ... 0 Sg).(si 0 ... 0 Sp). Therefore Tr{S) is a commutative ring. 
Conversely, in Tr{S) we have s.s' = s'.s. Therefore s ® s' = s' ^ s. In 
particular, for s' = 1 , s 0 1 = 1 0 s. 

(ii) (vii) : Let /, p : S' —)■ T be two i?—homomorphisms such that 
/(Is) = 17 ( 15 ) = It- The i?—bilinear map S' x S' —)■ T given by 
(s, s') ^ /(s)p(s'), by the universal property of the tensor products, 
induces a (unique) homomorphism of i?—modules S' <^r S ^ T such 
that s0s' is mapped into /(s)p(s'). But s0l = l0s and so /(s) = g{s) 
for all s G S'. 

(vii) (i) : Every homomorphism of i?—algebras is a homomorphism 
of i?—modules. 

(ii) ^ (viii) ; The functor p* is always faithful. Let M and N be 
S'— modules and let / : M —)■ be a i?—linear map. We show that it 
is also S'— linear. For each m G M, the i?— bilinear map S x S ^ N 
given by (s, s') -w sf{s'm), by the universal property of the tensor 
products, induces a (unique) i?—homomorphism S' 0/j S ^ N which 
maps each pure tensor s 0 s' into sf{s'm). But 1 0 s = s 0 1 and so 
f{sm) = sf{m) which was desired. 

(viii) ^ (ii) : We consider S' <^r S as S'— module where the scalar mul¬ 
tiplication is defined on pure tensors as s.(s' 0 s") = s' 0 ss". By the 
hypothesis, the canonical map i : S ^ S ^r S is S—linear. This, in 
particular, implies that s 0 1 = 1 0 s for all s G S'. 

(ii) ^ (ix) : Recall that for any two S'— modules M and M ®r N 
naturally has a S' ®r S'— module structure where the scalar multipli¬ 
cation is defined on pure tensors as (s 0 s').{m 0 n) = sm 0 s'n. If 
sm = 0 then, by the hypothesis, we may write s0m = (s0l).(l0m) = 
(1 0 s).(l 0 m) = 1 0 sm = 0. 

(ix) ^ (iii) : There is nothing to prove. □ 
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The above Theorem has the following important consequences. 


Corollary 2.2. Every faithfully flat epimorphism of rings is an iso¬ 
morphism. 


Proof. Every faithfully flat ring map is injective since for any ring 
map ip : R ^ S the map Is^p ■ S R ^ S S is injective. If ip is 
an epimorphism then by Theorem 12.11 S ^RCokei p = 0. This implies 
that Coker p = 0 since S is faithfully flat over R. □ 

Corollary 2.3. Let k be a field and S a non-trivial ring. Then any 
epimorphism k ^ S is an isomorphism. 


Proof. Every non-zero vector space over a held is faithfully hat, 
then apply the above Corollary. □ 

A ring map which is both hat and an epimorphism is called a hat 
epimorphism. 


Corollary 2.4. Let p : R ^ S be a flat epimorphism. Then for each 
prime ideal q of S, the induced map (pq : i?p —)■ S'q is an isomorphism 
where p = p*{ofj. 

Proof. By [3 Theorem 7.2], p^\ Rp ^ S'q is faithfully hat. It is also 
an epimorphism since the following diagram is commutative 

^ ip=epic ^ 

epic 

Rp — 

Now the assertion implies from Corollary 12.21 □ 


3. Finite type epimorphisms 

Let (p : i? —?■ S' be a ring map. Consider the canonical ring map 
p : S' ®R S ^ S which maps each pure tensor s s' into ss'. In the 
previous section we observed that the ideal Ker(p) is generated by the 
elements s (8) 1 — 1 <8) s where s G S'. Because if ss' = 0 then we may 
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write s (8) s' = 1 (8) s'(s <8) 1 — 1 <8) s). For the finite type ring maps we 
have the following interesting result: 


Lemma 3.1. If the ring map ip : R ^ S is of finite type then Ker(p) 
is a finitely generated ideal. 

Proof. By the hypothesis there are elements si,...,s„ G S such 
that S = -R[si,s„]. Let J be the ideal of S S generated by 
the elements s* 8) 1 — 1 8) s* where 1 < i < n. Clearly J C Ker(p). 
To prove the reverse inclusion it suffices to show that for each mono¬ 
mial Si^...sfp then the element s^L-.s^J"- 8 1 — 18 sfL..s^" belongs to 
J. To prove this we use an induction argument over n. If n = 1 
then we have s'* 8 1 — 1 8 s'^ = (s 8 1)'* — (1 8 sY = ((s 8 1)'*“^ -|- 
(s 8 1)'*“^(1 8 s) -I- ... -I- (1 8 s)'*“^)(s 8 1 — 1 8 s) which belongs to 
J. Let n > 1. Then we may write 8 1 — 18 = 

S^" 81 (sf... strf 81 -18 sf...s^TY) +18 sf...s^ri' (s^" 81 -18 S^") 
which by the induction hypothesis and the induction step belongs to 
J. □ 

Lemma 3.2. If p : R ^ S is an epimorphism then Hs/r = 0. 

Proof. By [3l Tag OORW], Hs/r — J/ where J is the kernel of the 
canonical ring map p : S 8ii; S ^ S. But J = 0 since s 8 1 = 1 8 s for 
all seS. n 

There is another characterization of epimorphisms which is so useful: 


Theorem 3.3. A ring map p : R ^ S is an epimorphism if and only 
if the following conditions hold. 

(a) The induced map p* : Spec(S') —)■ Spec(i?) is injective. 

(b) For each prime ideal q of S, the induced map fi;(q) is an 

epimorphism where p = </?*(q). 

(c) The kernel of the canonical ring map p : S 8ij S ^ S is a finitely 
generated ideal. 

(d) The module of differentials Hs/r “Is zero. 


Proof. The implication “=^” is obvious since for each prime ideal 
p in R, the fiber (99*)“^(p) is homeomorphic to Spec (S' 8 rk(p)). By 
Corollary 12.31 fi:(p) ®rS is a field whenever it is non-trivial. Therefore, 
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the fiber ((^*)“^(p) has at most one point. This implies that is 
injective. The map a(p) A(q) is an epimorphism since the following 
diagram 


epic 

k{p) -^ A(q) 

is commutative. Therefore, by Corollary 12.31 it is an isomorphism. 
This establishes (b). The condition (c) clearly holds since s®! = 
for all s E S. In fact Ker(p) = 0. For the latter condition see Lemma 
13.21 Conversely, let T be a reduced ring and let f,g : S ^ T he 
ring maps such that f o ip = g o ip. We have /* = g* since p* is in¬ 
jective. For each prime ideal P of T let q = f*{P) and p = <p*(q). 
Denote hj p' : a(p) —)■ K(q) the ring map induced by 

PeSpec(r) PGSpec(r) 

p : R ^ S. By the hypothesis (b), p' is an isomorphism. Similarly, 
denote by f',g' : S' = H ^(*1) —t T' = H ^^e ring 

PGSpec(r) PGSpec(T) 

maps induced by / and g, respectively. From fop = gopwe have 
f'op' = g'o p'. Therefore f = g' since p' is an isomorphism. This 
implies that p ^ f = p o g where p : T —)■ T' is the canonical ring map. 
But p is injective since T is a reduced ring. Therefore f = g. This, in 
particular, implies that p o i = g o j where p : S <S)r S' — (S' S')red is 
the canonical ring map, i{s) = s(8)l and j{s) = lC)s. Thus s® 1 — l<8)s 
is nilpotent for all s G S'. But the hypotheses (c) and (d) imply that 
s (g) 1 = 1 (g) s for all s G S'. □ 

Let : P —)■ S' be a ring map. The induced map p* : Spec(S') — 
Spec(P) is said to be universally injective if for any ring map R ^ R' 
then 'ijj* : Spec(P'(g)RS') -E Spec(P) is injective where 'tp : R' ^ R'®rS 
is the base change map. To see the definition of a formally unramified 
ring map please consider [3l Tag OOUN]. 

The following is the first main result of this article. 


Theorem 3.4. Let p : R ^ S be an of finite type ring map. Then the 
following conditions are equivalent. 

(i) The map p is an epimorphism. 

(ii) The map p* : Spec(S') —?■ Spec(P) is injective and for each prime 
ideal q o/S' the base change map a(p) -E S'q(g)ijA(p) is an epimorphism 
where p = <p*(q). 
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(iii) The map tp* is universally injective and Qs/r = 0. 

(iv) The map p is formally unramified and for any field K and any 
ring maps f,g:S^K if fop = gop then f = g. 

(v) The map p* is injective, fls/R = 0 and for each prime ideal q of 
S, the field extension r{p) C fi;(q) is purely inseparable where p = (^*(q). 


Proof, (i) ^ (ii) : By Theorem 13.31 p* is injective. Compose p 
with the canonical ring map S' —)■ S'q we then obtain the epimorphism 
i? ^ S'q. Epimorphisms are stable under base change. Thus the map 
k(p) —)■ S'q ( 8 )ij a(p) is an epimorphism. 

(ii) ^ (i) : Let q be a prime ideal of S' and let p = </?*(q). By 

m Lemma 2.1], S'q k(p) 7 ^ 0 and so by Corollary 12.31 a(p) ~ 
S'q <^R k(p) — S'q/pS'q. Thus S'q/pS'q is a held and so pS'q = qS'q. Hence 
the induced map a(p) —)■ ^(q) is an isomorphism. Moreover, by [3], Tag 
OORV], we have 0 = ^s^^RKip)/K(p) - ^spR <^R «(p)- This implies that 
(qS'q)HsjR = ^spR- By [3l Tags OORT, OORZ], ^IspR as S'q-module 
is hnitely generated and so by the Nakayama lemma, = 0. This 

means that fls/R = 0 since (H 5 /K)q ~ flst^/R = 0. Now using Lemma 
[Q and Theorem 13.31 then we conclude that p is an epimorphism. 

(i) ^ (iii) ; Epimorphisms are stable under base change, then apply 
Theorem 13.31 

(iii) ^ (iv) ; The ring map p is formally unramihed if and only if 
^s/R = 0, see [3l Tag OOUOj. Now consider the induced ring maps 
f',g' : K <S)R S ^ K which map each pure tensor a® s into a/(s) 
and ag{s), respectively. The map fi* is injective since p* is universally 
injective where ip : K ^ K ®r S is the base change of {p, h) with 
h = fop\ R—^K. Moreover, by m Lemma 2.1], K ®r S' is a non¬ 
trivial ring. Therefore the prime spectrum of K ®r S' is a single-point 
set. This, in particular, implies that {f')~^{0) = {g')~^{0). But for 
each s G S', /'(/(s) ( 8 ) 1 — 1 ( 8 ) s) =0. Thus (?'(/(s) < 8 ) 1 — 1 ( 8 ) s) = 0. 
Therefore f{s) = g{s) for all s G S'. 

(iv) ^ (i) : Let p be a prime ideal of S' ®r S'. From the hypotheses we 
obtain VTp o i = vTp o j where VTp : S' ®r S a(p) and i, j : S' —S' ®r S 
are the canonical ring maps. Therefore for each sgS', s<8)l — l<8)sisa 
nilpotent element. Thus, by Lemma iTTl J is a nilpotent ideal where J 
is the kernel of the canonical ring map S' ®r S ^ S. But fls/R — J/ J^- 
Thus J = J'^ and so J = 0. Therefore s <8) 1 = 1 (8) s for all s G S'. 
Hence, by Theorem 12.11 p is an epimorphism. 

(i) ^ (v) : See Theorem 13.31 

(v) (iv) : We have /“^(O) = since f o p = g o p and p* is 

injective. Let q = /“^(O). For each s G S', by the hypotheses, there is 
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a natural number n > 0 such that (s/1 + q5'q)^" is in the image of the 
induced map k(p) —)■ K(q) where p = <yC*(q) and p is the characteristic 
of k(p). Therefore there are elements r & R and t G i? \ p such that 
ip{t)sP"-ip{r) e q. Thus/(s)P" = {f oip){r){f oip){t)-^ = This 

implies that (/(s) — g{s)) = 0 since the characteristic of K is equal 

to p. Therefore /(s) = g{s) for all s G S'. □ 

4. New results on flat epimorphisms 

For any two ring maps p : R ^ A and 'ijj : R ^ B we say that p ip 
if there exists an isomorphism of rings 6 : A ^ B such that 9 o p = ip. 
Clearly it is an equivalence relation. Each equivalence class is called 
an isomorphism class. For a given ring map ip:R^Awe shall denote 
by the set of ideals of R whose extensions under p are equal to A. 
The family is an idempotent topologizing system on the ring R, 
see m Theorem 3.2]. 


Theorem 4.1. The collection of isomorphism classes of flat epimor¬ 
phisms with a fixed source is a set. 


Proof. Let i? be a ring and consider [p] ^ ^^p which is a well- 
dehned and injective map from the collection of isomorphism classes 
of flat epimorphisms with source R into the set of idempotent topolo¬ 
gizing systems on the ring R. Because for any two flat epimorphisms 
ip : R ^ A and ip : R ^ B we have [p] = [ip] if and only if 
Indeed, the implication “ ^ ” holds more generally (not just for the 
flat epimorphisms). The converse implies from [TOl Corollary 3.3]. □ 


Lemma 4.2. Let f : R ^ T be an injective ring map which factors as 
R —^ S —^ T where g is a flat epimorphism. Then h is injective. 

Proof. We have the factorization S —S R S T 

^ {S T) {S ^R S) T — S^sT T for the 
map h where the unnamed arrows are the canonical isomorphisms. By 
Theorem 12.11 the canonical ring map p : S ^r S' ^ S' is an isomor¬ 
phism. The map 1 <8 / : S' <^r R ^ S <^r T is also injective since S' is 
P—flat. Therefore h is injective. □ 
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Theorem 4.3. Let R be a ring. Then there exist a ring M{R) and 
a canonical injective flat epimorphism rj : R ^ M(R) such that every 
R— algebra whose structure morphism is an injective flat epimorphism 
can be canonically embedded in M{R). 


Proof. Consider the collection of isomorphism classes of injective 
flat epimorphisms with source R. Note that, by Theorem 14.11 it is 
actually a set. Therefore, by the axiom of choice, we may choose a set 
{ipa ■ R —)■ Aa}a£i whose elements have been precisely picked up from 
the distinct isomorphism classes. We say that a < fl ii there exists a 
ring map Xa,g ^ Ag such that ipg = \a,p o Note that such a 
map Aq,^/ 3 , if it exists, is unique since is an epimorphism. The poset 
(/, <) is also directed. Because for any pair (a,/3) of elements of / 
consider the following pushout diagram 


R 


A. 


A 




P -^ Aa Ag 


clearly R -P Aa Ag is a flat epimorphism since flat morphisms and 
epimorphisms are stable under base change and composition. It is also 
injective since each Aa is i?—flat. Thus there exists an element 7 G / 
such that (p.y belonging to the isomorphism class [R -P Aa <S)r Ag] 
and so a, /3 < 7 . Therefore {Aa, ^ap) is an inductive (direct) system of 
i?—algebras over the directed poset (/, <). The canonical map 7 : i? —)■ 
M{R) is an injective flat epimorphism where M{R) = coYmva^i Aa is 
the inductive limit (colimit) of the system {Aa,\ap)- R p R A 
is an injective flat epimorphism then there is a (unique) ring map 
h : A ^ M{R) such that h o p = rj. By Lemma 14.21 h is injec¬ 
tive. □ 


The ring M{R), obtained in Theorem 14.31 is called the hazard ring 
of R. 


In what follows we shall consider the canonical ring maps rj : R -P 
M{R) and R —?■ T{R) where 7 as in Theorem 14.31 and T{R) is the 
total ring of fractions of R. Note that the canonical map R —?■ T{R) 
is an injective flat epimorphism and so, by Theorem 14.31 T{R) can be 
canonically embedded in M{R). Under some circumstances on the ring 
R and also by using the Gabriel localization theory then we conclude 
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that the canonical embedding T{R) M{R) is bijective: 


Theorem 4.4. Let R be a ring with the property that every f.g. and 
faithful ideal of it has a regular element. Then there is a unique iso¬ 
morphism of rings fj : M{R) —)■ T{R) such that n = o t]. 


Proof. We claim that By Theorem 14.31 the map p factors 

through T{R) and so C Conversely, let / G Then we may 

n 

write 1 = Yl where Sj G M{R) and ai E I for all i. Clearly 

i=l 

{ai,...,an) is a faithful ideal of R since p is injective. Therefore, by 
the hypothesis, / meets R \ Z[R). This means that IT{R) = T{R). 
Therefore By [101 Corollary 3.3], there is an isomorphism of 

rings : M{R) — )■ T{R) such that tt = ip op. Such ip is unique since p 
is an epimorphism. □ 

The following is a well-known result. 


Lemma 4.5. Let R be a ring. If f = Y ® zero-divisor element 

i=0 

of the polynomial ring R[x\ then there is a non-zero element c E R such 
that c/ = 0 . 


Proof. There is a non-zero element g = Y ^ -^[^] such that 

j=0 

gf = 0. If deg( 5 f) = 0 then take c = &o- Suppose deg( 5 f) = s > 0. We 
may assume that bsOk 7 ^ 0 for some k because if bg vanishes all of the 
coefficients of / then there is nothing to prove. Therefore gok 7 ^ 0. Let 

t 

t be the largest index such that gat 7 ^ 0. Therefore g Y = 0- B 

i =0 

follows that bgOt = 0. Thus deg{gat) < s and clearly {gat)f = 0. Now 
the assertion implies from the induction hypothesis. □ 

The hypotheses of Theorem 14.41 are not limitative at all; 


Theorem 4.6. Let R be a ring. Then T{R[x]) is canonically isomor¬ 
phic to M{R[x]). 

Proof. Let I = (/i,..., fn) be a f.g. and faithful ideal oi A = R[x\ 
where deg(/j) = d* with di < ^2 < ... < d„. By Theorem 14.41 it suffices 
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to show that / meets A \ Z(A). Take f[ = fi and for each i > 2 
take fl = fi where Si = di + ... + di^i + (i — 1). Then consider the 

n 

polynomial g = 'Yh fi which belongs to I. We have g ^ A \ Z{A). If 

i=l 

not, then by Lemma 14.51 we may hnd a non-zero element c E R snch 

n 

that eg = 0. It follows that c G f] AnnA(/i) = 0, a contradiction. □ 

i=l 

Corollary 4.7. Let R be a ring and let A = R[x]. Then every A— algebra 
whose structure morphism is an injeetive flat epimorphism can be canon- 
ieally embedded in T{A). 


Proof. It is an immediate consequence of Theorems 14.31 and 14.61 □ 

We need the following Lemmata, which are interesting in their own 
right, to prove Theorem 14.111 


Lemma 4.8. Let R be a ring and consider the R—algebra homomor¬ 
phism fj : R[xi, ...,xf\ —)■ R which maps each Xi into Ci where Ci E R 
for all i. Then Ker('0) = {xi — Ci : 1 < i < n). 


Proof. We use an induction argument on n. If n = 1 then the 
assertion implies from the division algorithm. Let n > 1. The map ^|J 
factors as 

R[xi, ...,Xn] R[xi, ...,Xn-l] R 

where the i?—algebra maps ip and A are dehned for each 1 < i < n — 1 
as ip{xi) = Xi, \{xi) = Ci and ip{xn) = c„. We have Ker('0) = 
'0~^(O) = (A“^(0)) = </ 9 “^(Ker(A)). By the induction hypothesis, 

Ker(A) = (x, — c* : 1 < i < n — 1). Take /(xi,..., x„) G Ker(-^). 

d d 

Write /(xi,...,x„) = Y ■■■,Xn-i)xi = Y + 

j=0 j=0 

d d 

Y fj(Xl,...,Xn-l)(xi-(i) = ^{f{xi,...,Xn)) + { Y fj{Xl,...,Xn-l){xi-^ + 

j=i i=i 

n—1 

xi~‘^Cn + ...+ci~^)){Xn-Cn) = Y hfxi, ..., Xn-l) {Xi-Ci) + h{Xi, ..., Xn) {Xn- 

i=l 

Cn) which belongs to (xj — q : 1 < i < n). □ 
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Lemma 4.9. Let R be a ring and let M be a flat R—module. Then 
(/ : J)M = IM : J for every ideals I and J of R with J finitely gen¬ 
erated. 

Proof. By [3l Tag OBEY], it suffices to show that (/ : a)M = IM : a 
for all a E R. Clearly (J : a)M C IM : a. To see the reverse inclusion 
take m G IM : a then the element (1 + /) is in the kernel of the en¬ 
domorphism ^|J : R/I®rM —)■ R/I®rM which maps each pure tensor 
{r 1)® X into (or +1)® x. By applying the exact functor — ®ji M to 

the exact sequence {I : a)/I -^ R/I —^ R/I we obtain the follow¬ 
ing exact sequence (/ : a)/I ®Ft M - R/I ®ji M ^ > R/I (g)^ M . 

It follows that {1 I) ® m = + I) ® mi where bi E I : a and 

i 

mi E M. Now consider their image under the canonical isomorphism 
R/I ®rM M/IM then we will have m — '^bimi E IM C (/ : a)M 

i 

and so m G (/ : a)M. □ 

It is worthy to mention that the converse of Lemma 14.91 also holds. 
More precisely, if {I : a)M = IM : a for each a E R and for every ideal 
I of R then M is i?—flat. 

Lemma 4.10. Let I be an ideal of a ring R such that I[x] = (/i,..., /„) 
is a f.g. ideal of R[x\. Then I is a f.g. ideal. 

Proof. We have I = (ci,..., c„) where c* is the constant term of the 
polynomial fi for alH. □ 

Theorem 4.11. Every injective flat epimorphism of rings which is also 
of finite type then it is of finite presentation. 

Proof. Let i? be a ring and let I be an ideal of the polynomial 
ring B = ..., x„] such that the canonical map vr' : i? —)■ B/I is 

an injective flat epimorphism. We shall prove that / is a f.g. ideal. 
Consider the following push-out diagram 

R - ^B/I 


A -^ B/I ®R A 
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where A = R[xn+i]- The map A ^ B/I A is a flat epimorphism 
since flat maps and epimorphisms are stable under base change. It is 
also injective since A is i?—flat. But B/I®rA is canonically isomorphic 
to B' and the canonical map ti : A ^ B' factors as A ^ B/I ^rA ~ B' 
where B' = B[xn+i]/B and B = I[xn+i]- Therefore tt is an injective 
flat epimorphism and so, by Corollary 14.71 there is an injective ring 
map Ip ■. B' ^ T{A) such that 'ip ott : A ^ T{A) is the canonical map. 

We show that B is a f.g. ideal. For each 1 < i < n, we may write 
ip{xi+B) = fi/g where fi G Aanhg G T = A\Z{A). Let J be the ideal 
of A generated by all of the /j. By Lemma IT^ (Ag : J)B' = {B'g : J). 

But {B'g : J) = B' because 'ip{fi — gxi + B) = 0. Hence, there are 
elements h & B and h' G {Ag : J)A[xi, ...,a;n] such that 1 = h + h'. 

m 

Write h' = where Sj G {Ag : J) and hj G H[xi, ...,Xn]. It fol- 

i=i 

lows that fiSj = hijg for some elements hij G A. Then XiSj — hij G B 
since 'ip{xiSj — hij + B) = 0. Let L be the ideal of A[xi^ gen¬ 

erated by h and all of the XiSj — hij. We claim that B = L. To 
prove the claim it suffices to show that for each prime ideal p of 
A[xi, then {B)^ = Lp. It holds if L is not contained in p since 

LOB. Suppose L C p. Then h' ^ p hence there is some k such 
that Sfc ^ p. Let q = H fl p and then consider the Hq—algebra ho¬ 
momorphism ip ; Hq[a;i,..., —)■ Hq which maps each Xi into hik/sk- 

By Lemma l478l Ker((p) = {xi — hik/Sk ■ I < i < n) = {skXi — hik : 

1 < i < n) C Lq where Lq is the extension of L under the canonical 
ring map A[xi,...,Xn\ A^[xi, ...,Xn\ ^ {A[xi, ...,Xn\) By apply¬ 
ing Skfi = hikg with 1 < i < n then we may factor the map 7i" o (p as 

A^[xi,...,Xn\ -^Hq[xi,...,X„]/(/^)q ^^5' (T(H))q (Hq) 

where S is the image of H \ Z{A) under the canonical map H —)■ Hq 
and tt" is the canonical map Aq —)■ S'“^(Hq) which is injective since 
S O Aq \ Z{Aq). Therefore {B)q = Ker(<yc). This implies that {B)q = 

Lq. But {B)p (resp. Lp) is the extension of {B)q (resp. Lq) under 
the canonical map (H[a;i,..., —)■ (H[a;i,..., Thus {B)p = Lp. 

This establishes the claim. Therefore B and so /, by Lemma [4.101 are 
f.g. ideals. □ 


The following is an immediate consequence of Theorem 14.111 
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Corollary 4.12. Let S be a multiplicative subset of a ring R such that 
the canonical map n : R ^ S~^R is injective. Then tt is of finite pre¬ 
sentation whenever it is of finite type. □ 

In the following resnlt the functorial aspects of hazard rings are ex¬ 
plored. 


Lemma 4.13. Let (p : R ^ S be a flat ring map. Then there is a 
unique flat ring map M{(p) : M{R) —)■ M{S) such that M{ip) o rjR = 
r}s°T- The map M{ip) is injective whenever ip is so. If ip is an injective 
flat epimorphism then M{ip) is bijective. 


Proof. The nniqneness of snch a map M{ip) is obvious since rjR is 
an epimorphism. To show its existence we shall consider the following 
push-out diagram 


R 


S 


Vr 


M{R) 




M{R) S. 


The canonical ring map A is a flat epimorphism since flat maps and 
epimorphisms are stable under base change. It is also injective since 7]r 
is injective and S is i?—flat. Therefore, by Theorem 14.31 there is a ring 
map h : M{R) ^rS — )■ M{S) such that ps = ho X. Take M{ip) = ho X' 
which is the desired map. By Lemma [4.21 h is injective and so by [T^ 
Lemma 4.2], it is flat. The map A' is also flat since flat maps are sta¬ 
ble under base change. Therefore M{ip) is flat. If ip is injective then 
the map X' is also injective since M{R) is i?—flat. Therefore M{ip) is 
injective too. Finally, if ip is an injective flat epimorphism then it is 
also true for the map ps ° T '■ hi ^ M{S). Therefore, by Theorem 14.31 
there is a ring map : M{S) — )■ M{R) such that Pr = o (^pg o ip). 
Clearly o M(ip) and M(ip) o ip are the identity maps. □ 


The following result strongly bounds the size of the hazard rings: 


Corollary 4.14. Let R be a ring. Then the ring M(R) can he canon¬ 
ically embedded in T(R[x]). 


Proof. By Lemma 14.131 the map M(e) is injective where e : i? —?■ 
R[x] is the canonical map which is injective and flat. By Theorem 14.61 
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M{R[x\) is canonically isomorphic to T{R[x]). Then the composition 

M{R) M{R[x]) T{R[x]) 

is the desired embedding. □ 


Corollary 4.15. Let ip : R ^ S be an injective flat epimorphism. 
Then there is a unique injective ring map : S ^ T{R[x]) such that 
the following diagram is commutative 


e ■0 

R[x] ^^T{R[x]) 

where e and vr are the canonical maps. 


Proof. It is an immediate consequence of the above results. □ 

In summary, for a given ring R, we have up to isomorphisms the 
following chain of subrings R C T{R) C M{R) C T{R[x]) = M(R[x]). 

Acknowledgements. The author would like to give sincere thanks 
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